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ABSTRACT Online learning, particularly Multi-Armed Bandit (MAB) algorithms, has been extensively
adopted in various real-world networking applications. In certain applications, such as fair heterogeneous
networks coexistence, multiple links (individual arms) are selected in each round, and the throughputs
(rewards) of these arms depend on the chosen set of links. Additionally, ensuring fairness among individual
arms is a critical objective. However, existing MAB algorithms are unsuitable for these applications due
to different models and assumptions. In this paper, we introduce a new fair probabilistic MAB (FP-MAB)
problem aimed at either maximizing the minimum reward for all arms or maximizing the total reward while
imposing a fairness constraint that guarantees a minimum selection fraction for each arm. In FP-MAB, the
learning agent probabilistically selects a meta-arm, which is associated with one or multiple individual arms
in each decision round. To address the FP-MAB problem, we propose two algorithms: Fair Probabilistic
Explore-Then-Commit (FP-ETC) and Fair Probabilistic Optimism In the Face of Uncertainty (FP-OFU).
We also introduce a novel concept of regret in the context of the max-min fairness objective. We analyze
the performance of FP-ETC and FP-OFU in terms of the upper bound of average regret and average
constraint violation. Simulation results demonstrate that FP-ETC and FP-OFU achieve lower regrets (or
higher objective values) under the same fairness requirements compared to existing MAB algorithms.

INDEX TERMS Probabilistic multi-armed bandit, Max-min fairness, Fairness constraint, Explore-then-
commit, Optimism in the face of uncertainty, Online learning.

I. INTRODUCTION

Online learning, especially MAB algorithms, is widely ap-
plied in various real-world networking applications, includ-
ing cognitive radio networks [1], shortest path routing [2],
and internet advertising [3]. In some applications, such as
shortest path routing [2], a combination of multiple individ-
ual arms is played in each round, and exploring one set of
arms can benefit the exploitation of other sets, as the reward
of an individual arm is independent of the selected set. How-
ever, this independence does not hold in other applications,
such as fair heterogeneous networks coexistence [4], wireless
scheduling [5], and energy harvesting [6], which will be

discussed in more detail later. Additionally, ensuring fairness
among arms is a crucial objective in these applications.

In this paper, we introduce a probabilistic multi-armed
bandit (MAB) problem in which we are given a collection
of individual arms, and a learning agent probabilistically
plays a meta-arm associated with one or multiple individual
arms in each decision round. The reward of an individual
arm depends on the specific meta-arm played and cannot be
accurately estimated by pulling other meta-arms due to this
dependence. The agent’s objective is to either maximize its
cumulative reward while adhering to a fairness constraint for
each arm or to optimize a specific fairness objective, such
as max-min fairness. This novel problem setup is applicable
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TABLE 1: Normalized throughput of different transmission

strategies.
Transmission strategy Link 1 | Link 2 | Link 3
Link 1 transmits alone 1 0 0
Link 2 transmits alone 0 1 0
Link 3 transmits alone 0 0 1
Links 1 and 2 concurrently transmitf 0.734 | 0.277 0
Links 1 and 3 concurrently transmit| 0.668 0 0.618
Links 2 and 3 concurrently transmit 0 0.799 | 0.685
All three links concurrently transmit| 0.481 | 0.210 | 0.079

than some users bene ting at the expense of others. Fig. 2
FIGURE 1: Motivating example: fair heterogeneous netlustrates an example of wireless network with four ows,
works coexistence. where each ow can be either a single-hop link or a set

of multi-hop links. Flows that share common nodes with

other ows are considered as contending ows, meaning they
to numerous real-world networking scenarios. We descrig@nnot transmit packets simultaneously. For instance, ows 3
three example applications as follows. and 4 are contending ows as they share a common yle

Fair heterogeneous networks coexistence [4Differ- |n Fig. 2, there are three sets of non-contending ows: (ow
ent wireless technologies coexist in the same unlicensgd ow 1), (ow 4, ow 2), and ow 3. In this example,

band, such as LTE Licensed Assisted Access (LTE-LAAAn arm represents a ow, a meta-arm represents a set of
[7] and WiFi [8] coexistence in the 5 GHz unlicensethon-contending ows, and reward corresponds to throughput.
spectrum. To improve spectrum utilization, previous workshe reward of each arm depends on the selected meta-arm
[4], [9] have proposed enabling simultaneous transmissiopgcause of interference from other ows. For instance, the
and adopting interference cancellation techniques to decqé@ard of ow 4 differs between the meta-arms (ow 4,
multiple signals, rather than using collision avoidance. Fig. dw 1) and (ow 4, ow 2) due to interference from ow 1
illustrates a heterogeneous LAA/WiFi coexistence scenargnd ow 2, respectively. The goal of the wireless scheduler
with successive interference cancellation (SIC) [4] adoptesl to either maximize the overall reward while adhering to
in receivers. In this context, a transmission strategy is de nedfairness constraint (e.g., minimum selection fraction) for
as a policy for selecting a concurrent transmission set (CT&lch ow, or to optimize a speci ¢ fairness objective (e.g.,
in each transmission period. Table 1 shows the normalizgathx-min throughput). To achieve this, different sets of non-

throughput of individual links under different transmissioontending ows should be probabilistically selected in each
strategies. In this example, an arm is a link, a meta-amansmission period.

is a CTS, and the reward of an arm corresponds to the

link throughput. We observe that the reward of each arm

depends on which meta-arm is selected by the learning agent

since each arm's reward is in uenced by the locations of

other arms (i.e., interfering links). For instance, from Table

1, when arm 1 and arm 2 are concurrently played, the

reward of arm 1 is 0.734, whereas it is 0.668 if arm 1 and

arm 3 are concurrently played. Furthermore, ensuring fair

and harmonious LAA/WIFi coexistence in the unlicensed FIGURE 2: Motivating example: wireless scheduling.

spectrum is crucial for designing their transmission protocols

[10], [11]. Thus, fairness objectives and constraints amongEnergy harvesting [6]. Recent advances in wireless en-

individual arms (i.e., links) must be considered when dergy harvesting enable sensor nodes to extend their lifespan

signing online learning algorithms. To balance the reward bf/ remotely charging their batteries. The longevity of the

each arm, various meta-arms (transmission strategies) shaddsor network depends on the minimum amount of energy a

be selected with different probabilities in each transmissiorode can harvest in the network. Fig. 3 shows an example of

period. energy harvesting where an energy source wirelessly charges
Wireless scheduling [5] Fair allocation of resources (e.g.,5 energy harvesting nodes using 3 channels. The amount

bandwidth, power, transmission opportunities) is crucial faf energy harvested by any node is stochastic and depends

ensuring the Quality of Service (QoS) of users in wirelesm the distance from the energy source and the channel

adhoc networks. Total user satisfaction is often improvedlocated by the energy source. In each time slot, the energy

if all users obtain an equitable quality of service, rathesource decides which channel to use for wireless charging,
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aiming either to maximize the total harvested energy with (1) Inspired by a category of network optimization appli-
a fairness constraint (e.g., minimum selection fraction) faations, we formulate a new fair probabilistic MAB (FP-
each node or to maximize a specic fairness objectiv®lAB) problem. This problem aims to either maximize
(e.g., max-min harvested energy). In this context, an arme minimum reward for all arms or maximize the total
represents an energy harvesting node, a meta-arm represevgrd while adhering to fairness constraints that enforce a
a mapping of node-channel associations, and the harvestgdimum selection fraction for each arm. We also introduce
energy corresponds to the reward. Different channels (metanovel notion of regret considering the max-min fairness
arms) present diverse propagation conditions for wirelesbjective.
waveform. For instance, if channel 1 has a higher frequency(2) To address the formulated FP-MAB problem, we pro-
than channel 2, the reward of each arm on channel 1 wibse a Fair Probabilistic Explore-Then-Commit (FP-ETC)
generally be less than that on channel 2 due to high&gorithm. This algorithm is designed to handle problems
propagation loss [12]. Consequently, the reward of each amith both the max-min fairness objective and total reward
depends on the meta-arm selected by the energy sourcenfaximization subject to fairness constraints. For the max-
meet the fairness objective or constraint, different meta-armmn fairness version of FP-ETC, we derive a sublinear upper
(node-to-channel assignments) may be chosen with varyipgundO T%(K log T)% for the average regret, whefeis
probabilities. the time horizon an& is the number of meta-arms. For the
fairness constraint version of FP-ETC, we obtain an upper
boundO NT3(K logT)s for the average regret and an
upper boundd T (K logT)3 for the average constraint
violation of each arm, wherbdl is the number of arms.

(3) To further reduce the regret of FP-ETC, we introduce
a Fair Probabilistic Optimism In the Face of Uncertainty
(FP-OFU) algorithm. This algorithm is also applicable to
problems with both the max-min fairness objective and total
reward maximization subject to fairness constraints. For the
max-min faérgess version of FP-OFU, we derive an upper
boundO(K T logT) for the average regret. For the fairness

It is important to note that, although the aforementione?nstreﬁni version of FP-OFU, we obtain an upper bound

o . : NK  TlogT) for the average regret.
applications have a combinatorial arm structure, they canno . : .
. . . . : . (4) We conduct extensive simulations to evaluate the
be solved using classic combinatorial multi-armed bandit

(CMAB) formulations [2], [13], [14]. In CMAB, the learning performance of the proposed_ algorithms in the context of
o . S eterogeneous network coexistence application and com-
agent plays a super arm consisting of multiple |nd|V|duzg

. are them with state-of-the-art baselines. Simulation results
arms in each round, and the reward of a super arm c%n

. . L emonstrate that the proposed algorithms signi cantly out-
be expressed as a linear function of the individual arms ) . )
rewards, which remain constant regardless of the selec{)eecﬁorr.n the baseline algorithms in terms of average regret
. e and fairness.

super arm. However, in our applications, the reward of an
(individual) arm dependson the meta-arm that the learn-
ing agent selects due to environmental differences causedRELATED WORK
by meta-arms (e.g., locations of nodes, RF frequencies Af Combinatorial Multi-Armed Bandit
channels). Thus, information obtained about an arm fro@ombinatorial multi-armed bandit (CMAB) was rst studied
one meta-arm is not useful for another meta-arm containiig [17], where the learning agent can play a combination
the same arm. Additionally, the reward of a meta-arm i arms in each round. Since then, the CMAB model
no longer a linear function of the rewards of the individuahas found widespread application in various real-world
arms within that meta-arm. Furthermore, while traditionaletworking scenarios, including shortest path routing [2],
MAB formulations with fairness considerations have beg8], channel allocation in cognitive radio networks [2], and
studied [15], [16], they are inapplicable to our problem agcommendation systems [19]. Existing CMAB literature
they lack a similar combinatorial structure and their solutiorigpically considers two types of reward structures: linear
are not probabilistic. reward [2], [14] and non-linear reward [13], [20], [21].

Therefore, in this paper, we introduce a new onlin€his classi cation depends on whether a super-arm's reward
learning problem called the fair probabilistic multi-armedan be expressed as a linear function of the rewards of
bandit (FP-MAB). Due to its uniqgue combinatorial structurendividual arms belonging to it. However, it is essential to
with dependent arm rewards and fairness considerations, thige that the reward structure of CMAB differs from our
problem presents a novel type of MAB setup that has beeatting. In CMAB, the expected reward of each arm remains
largely unexplored in the literature. Our main contributionsidependent of the selected super-arm, resulting in the same
are summarized as follows. expected reward regardless of which super-arm is played.

FIGURE 3: Motivating example: energy harvesting.
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Consequently, in CMAB, information about the same artis no better (and possibly worse) than that achieved by our
can be exploited across different super-arms to expedgmposed fair probabilistic MAB algorithms in this paper.
learning. In our FP-MAB framework, this is not the case. Inthe conference version of this paper [32], we introduced
Although fairness considerations were studied in [16] undére fair probabilistic explore-then-commit (FP-ETC) algo-
the CMAB setting, it is inapplicable to solving our problentithm, which solely considers the max-min fairness objective.
since it does not have a similar combinatorial structure ahal this paper, we extend FP-ETC to address not only the
the proposed solution is not probabilistic. max-min fairness objective but also fairness constraints.
Additionally, to further reduce the regret of FP-ETC, we

) Lo . ) introduce the Fair Probabilistic Optimism In the Face of
B. Multi-Armed Bandit with Fairness Constraints Uncertainty (FP-OFU) algorithm.

Online MAB algorithms with fairness constraints have been
studied in the existing literature to address real-world net-
working problems. For instance, the work [22] introducetll. PROBLEM FORMULATION

contextual MAB with fairness constraints, de ning fairnesyVe begin with an overview of the multi-armed bandit (MAB)

as a minimum rate at which tasks or resources are allocaf¥@blem. This problem has received signi cant attention in
to users. In [23], the Fair-LinUCB algorithm was proposethe elds of statistics and machine learning [33], serving
to enhance the traditional LinUCB algorithm, aiming t&S @ cornerstone for sequential decision-making in uncertain
achieve group-level fairness in personalized recommendat®@fvironments. In its fundamental setup, there is a set of
systems. While these studies focus on developing fair MA®MS (i.e., actions), available to the learning agent. Each arm
algorithms in contextual bandit settings, they have limite@resents an unknown reward distribution to the agent. With
relevance to our work. In [24], the authors studied a multtach passing time step, the agent selects an arm from this set
player multi-armed bandit game where players collaborate@yd subsequently receives a stochastic reward drawn from
optimize arm allocation, maximizing the minimum expectethe corresponding distribution. Ultimately, the objective of
reward received by any p|ayer_ S|m||ar|y’ the work [25}he Iearning agent is to maximize its eXpected cumulative
introduced team fairness, a group-based fairness measur&epard.

cooperative and single-objective multi-agent learning prob- Next, we describe the setup of FP-MAB. The frequently
lems. However, our focus lies in Sing|e-agent app"cationglse(j notations are outlined in Table 2 for convenience.

such as considering the entire network as a single agent in
contexts like energy harvesting or wireless scheduling.

The authors in [26] introduced a de nition of individual TABLE 2: Main notations.

fairness, asserting that similar individuals should be treated—zion Representation

similarly. Inspired by this concept, several fair MAB algo- i decision round

rithms have been proposed. For instance, the FAIRBANDIT N number of arms

algorithm, outlined in [27], employs a strategy of playing all n index of arm

arms with equal probability until they can be distinguished A meta-arm

with a high degree of con dence. Additionally, works such K number of meta-arms

as [15], [16] have proposed fair MAB algorithms that ensure Pt meta-arm selection vector at decision round
each arm is pulled at least a pre-specied fraction of the | "(An:t) reward of armn associated with meta-ar at t
time. Furthermore, [28] presented online MAB algorithms g(A;n) true mean of reward for arm associated with meta-ars

that consider proportional fairness, aiming to maximize the
sum of logarithmic utility functions of all arms. However, lllustrated in Fig. 4, we consider a discrete-time system
the aforementioned works do not explicitly address fairnessth N individual arms. We denot® = f1;2; ;Ng
objectives. In contrast, other works such as [29]-[31] hawes the set of all (individual) arms. In decision round
designed fair MAB algorithms utilizing the Nash Sociat(1 t T), the learning agent plays meta-armA,
Welfare (NSW) as the fairness objective. Unlike the objectiv@ssociated with one or multiple arms, wheke2 F and
of maximizing the minimum average reward in max-mitfr is the feasible set of meta-arms. There Kremeta-arms
fairness, NSW aims to maximize the product of all armsh F. The learning agent then receives rewar@\; n;t)
average rewards. for arm n 2 N with (n;A) 2 E, where E is the
The work most related to ours is [6]. This work proposeddge setf8 n; 8A; (n; A)jarm n is associated withAg. E
Maxmin-UCB, integrating the max-min objective into thds determined by the actual application. For convenience,
UCB algorithm. Initially, Maxmin-UCB identi es the mini- we normalizer(A;n;t) 2 [0;1]. r(A;n;t) is randomly
mum UCB value (denoted as UGR ) among all individual sampled from an unknown distributioB ., , dependent
arms within a meta-arm, and subsequently selects the meaia- the individual armn and meta-armA. We assume
arm with the maximum UCR;, . However, Maxmin-UCB that r(A;n;t):1 t T isindependent and identically
may converge to deterministically playing a meta-arm ovelistributed. The online decision-making process of selecting
time, potentially leading to a max-min objective value thaheta-arms is detailed in Alg. 1.
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Poor meta-arms are those that yield low rewards for all arms
associated with them.

To facilitate the discussion on optimizing fairness objec-
tives and constraints, we de ne a policy as a probabilistic
selection rule for meta-arms, rather than a deterministic
choice. This is formally de ned as follows:

De nition 1 (Meta-arm Selection Vectar)Meta-arm se-
_ lection vector is denoted ap = (pi;:::;pk), Where
FIGURE 4: Problem setup of FP-MAB. p(l i K) represents the probability of selecting meta-

- - — - . armA; in h ision round.
Algorithm 1 Online decision-making process of seIectmg‘g”l | in each decision round

meta-arms
1. Parameters K meta-arms and decision rounds (both
are known); reward distributioD ., (unknown),A 2
F; edge seE

:for t=11toT do

A. Max-min Fairness Objective

We begin by formulating our problem with consideration for
fairness objectives. Two commonly studied fairness objec-
tives in wireless communications and networks are max-min
fairness [34] and proportional fairness [35]. Integrating these

N

3:  The learning agent plays a meta-aAn . S . .
2 fairness objectives into online MAB problems poses a non-
4: It observes reward(A;n;t) D apn forall n, where .. . . .
) : trivial challenge, as traditional MAB algorithms are typically
(n;A)2 E . . . . ; . .
5. end for designed without fairness considerations. This necessitates

the redesign of MAB algorithms, the rede nition of per-
formance metrics (e.g., regret), and the derivation of new
Remark 1: The number of meta-arms, denoted kas analyses to achieve fairness. In this work, we concentrate
does not necessarily grow exponentially with the numb&p determining the optimap to maximize the minimum
of arms, N. In fact, K only grows exponentially with e€xpected reward of arms, providing valuable insights for the
N in the worst-case scenario. To illustrate this point, wdesign of other fair MAB algorithms.
consider the three networking applications introduced in Given a meta-armi 2 F , we denoteg(A;n) as the true
the Introduction section. Table 3 showcases the numberBgan of the reward for arm, wheren 2 N . If (n; A) is not
arms and meta-arms in the worst-case scenario for ed@fE,letg(A;n)=0.8A 2F ;8n 2N, if g(A;n) is known,
application. For instance, in the context of energy harvestirf}e can obtain the optimal by solving the following max-
the number of arms remains xed, equating to the number B#in optimization problem:

energy harvesting nodes. Similarly, the number of meta-arms Opt-min : max f (p)
remains constant, corresponding to the number of channels. P . _
Notably, the number of meta-arms in this application is s.t. OX P Li2 [K] (1)
independent of the number of arms. p=1;
isi 2[K ]
TABLE 3: The number of arms and meta-arms for thregheref (p) =minnon £ 5y P 9(Ai;n) g, pi repre-
networking applications, in the worst scenario. sents tha-th element ofp, A; is thei-th meta-arm.
B For comparison, we also prese@pt-total, which seeks
- Networking application . The number of arms The numt?\‘er of meta-arms tO maximize the tOtal expected reWardS Of a" arms
eeroger?eous nemorks coexistenge N 2 - 1 X X
V;Ir:eelregsys:::/eeiz:;g Equal to the 2umber of nodes Equal to the :umber of channels Opt_tOtal - max pi g(Al ! n)
n2N i2[K]
In practical applications, _the numper of meta-arms may st. 0_p Li2[K]; )
not be large. For example, in scenarios such as fair hetero- X
geneous networks coexistence [4], where there are a limited pi =1
number of users sharing the same unlicensed band with SIC, h2[K]

the number of meta-arms is typically constrained. For net-However,8i 2 [K];n 2 N ;g(Ai;n) is unknown to the
working scenarios where the number of meta-arms increasesrning agent beforehand. Hence, the learning agent must
exponentially with the number of arms, we can divide a#txplore all meta-arms to learn and obtain accurate estima-
arms into multiple orthogonal domains and allocate differetibns of g(Aj;n);n 2 N ;i 2 [K]: Let §(Ai;n;t) represent
resources to these orthogonal domains. This can decreaselieeempirical average reward of atm2 N until decision
number of arms sharing the same resource. Additionally, tound t. We outline the process of obtaininfA;;n;t)
mitigate the impact of potentially unfavorable meta-arms, was follows. If meta-armA; is played in decision round,

can eliminate a set of poor-performing meta-arms by probitige reward of armn; (n;A;) 2 E, denoted ag (A;;n;t)

all meta-arms before executing the FP-MAB algorithmss observed. For any other armf, where (n%A;) 2 E,
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namely, armn®is not played inA;, we setr(A;;n%t) =0 optimization problem:

for generalization purpose. Denate(A;) as the number of _ X X _
times thatA; has been played gntil decision roundwhich ~ ©Pteons- max P 9(Ain)
can be represented as(A;) = '_, 1fa = A;g, where 2N i2[K]
a is the index of meta-arm played in decision round s.t. OX p Li2[K]
Then,§(Ai; n;t) can be represented as follows: p=1;
L lyk?[K]
0(Ai;n;t) = lfa = Aigr(Aim; )1 (3) pi (A 2Eg  dhiBN2N:
ne(Ai) -1 i2[K]

(6)
As previously mentioned, the learning agent explores Inspired by the de nition of regret in the regular MAB
all meta-arms to learn a more accurdf@A;;n;t), while problem (e.g., Equation (1.1) of [36]), the regret ©pt-
also exploiting the currently-known information to make th€onsis de ned as:
best action. Both exploration and exploitation incur a loss

compared to the best action. We refer to this as fegset, X X
which measures how much suboptimal the learning agentis Rt = r(;n;t) r(a;n;t); (7)
compared with the optimal strategy when the environment n2N t=1 n2N t=1

fg(A;n) : (Ain) 2 Egis known in advance. The goal of the\yhere b;:::::b; is an independent and identically dis-
learning agent is to minimize the incurred regret. Howevegip,ted sequence of meta-arms drawn frpm which is

unlike classic maximization problem&pt-min is @ max- the optimal solution oDpt-cons assuming the environment
min optimization problem, which necessitates a rede nItIOf]g(A- n) : (A;n) 2 Eg is known in advancea;:::::ar is

of regret. Inspired by the dg nition of regret in the regulag,e sequence of meta-arms chosen by the learning agent.
MAB problem (e.g., Equation (1.1) of [36]), the regret of The average regret is de ned to be

Opt-min is de ned as: 2 3 2 3
X X X X
E[RT]= E4 r(b;n;t)> E4 r(ag;n;t)d:
X X n2N t=1 n2N t=1
Rt = min r(by;n;t) min r(a;n;t);  (4) (8)
NN NN Remark 2: The objective ofOpt-consis to maximize the
summation of average rewards among all arms while satisfy-
where by;:::;br is an independent and identically dising the fairness constraint. On the other hand, the objective

tributed sequence of meta-arms drawn frpm which is the of Opt-min is to maximize the minimum average reward

optimal solution ofOpt-min in Equation (1) assuming the of arms. Therefore, their regrets are de ned differently (see
environmentf g(A;n) : (A;n) 2 Eg is known in advance; Equations (4) and (7)).

ai;:i;ar is the sequence of meta-arms chosen by theAny constraint vectord = fd,gh-; (0 dn 1)
learning agent. will be feasible forOpt-cons if there exists one meta-arm
Accordingly, de ne the average regret to be which is associated with all arms. For instance, the meta-
2 3 2 3 armk in Fig. 4 is associated with all arms. In this case,

X p=(0;01 ;0),withp,=1andp =0;j 6 k, is a
E[Rr]= E4”;L|n r(b;n;t)® E4rr;iNn r(a;n;t); feasible meta-arm selection vector for any constraint vector
"N = "N d=fd,g\,;;0 dy 1, since the constraint for each arm
(5) s satis ed according to Equation (6).
where the expectation is with respect to (1) the choiceswe would like to highlight that the problem formulation
of pl?:::?br? (2) the random r_ewards drawn from thes Fp-MAB would be meaningless if we solely prioritize
environment; (3) the random choicesaf,:::;ar selected maximizing the accumulated reward without checking the
by the learning agent. constraint violations folOpt-cons Given the incorporation
of fairness constraints withi@pt-cons, it becomes essential

B. Reward Maximization Subject To Fairness Constraint to evaluate both regret and constraint violations simultane-

We next formulate our problem with reward maximizatio@USlY at €ach time step. Therefore, fopt-cons besides the
while subject to fairess constraint. We model the fairne&&9ret, constraint violation also needs to be measured as a
constraint as the targeted minimum selection fraction fG€rformance metric. Fdn 2 N , the constraint violation of
each arm. Denotel = (di;dy; ;dy) as the constraint &mMmn IS de ned as:P b
vector, whered, denotes the targeted minimum selection thl 21k 1 P 1f(n;A;) 2 Eg
fraction for armn. If fg(A;n) : (A;n) 2 Eg is known, Va1 =maxfdy T ; 0g;
the optimalp can be obtained by solving the following 9)

6 VOLUME ,



where p;; is the selection probability of meta-ard; in It is important to note that Alg. 2 is utilized to determine
decision round. The average constraint violation of amm the selected meta-arm in each decision round, and it interacts
is with line 3 of Alg. 1.

P

T P i2pc ] Pei 1f(N;A§) 2 Eg Algorithm 2 Fair Probabilistic Explore-Then-Commit (FP-
;0g]; (10)
T ETC)
1: Input : Positive integersn, K
2.for t=11toT do
3 ift mK then
& =tmodK +1
Play meta-arna; in decision round

E[vh.t 1= E[maxfdy

where the expectation is with the respecipto

IV. FAIR PROBABILISTIC EXPLORE-THEN-COMMIT 4
ALGORITHM 5
6:

The explore-then-commit (ETC) algorithm [33], which con- else o o .
sists of an exploration phase followed by an exploitation’: if Max-min fairness objective is conS|dermbn_
phase, is one of the most widely used MAB algorithms in a® Solve the optimizgfion problemp =

variety of online decision applications. The basic idea of the
standard ETC algorithm is that the learning agent explores aff
arms uniformly in a round-robin manner during prede ned

exploration rounds, regardless of previous observations. 1

arg max or , miny oy f i2[K ] pig(Ai;n;mK )g
else if Reward maximization subject to fairness
constraint is consideretthen

Solve the Poptimigation problem p =

the remaining rounds, the learning agent selects the arm argMmaxoor, non 2k PIO(AI; N MKY)
deemed empirically best for exploitation. 1L end if .
To address the formulated problems outlined in Section 112 Sample out a meta-arm based on the categorical
we introduce the Fair Probabilistic Explore-Then-Commit distribution ofp o
(FP-ETC) algorithm and analyze its performance in this% Play meta-arme, in decision round
section. FP-ETC is an extension of standard ETC algorithrk® ~ €nd if
A key difference between FP-ETC and the standard ETE: €nd for
algorithm is that FP-ETC probabilistically selects arms dur-
ing exploitation rounds instead of choosing the empirically We emphasize the novelty of our theoretical contributions
best arm, as done in the standard ETC algorithm. The analyzing FP-ETC. The introduction of the meta-arm
introduction of probabilistic exploitation in FP-ETC aims tcselection vectorp in FP-ETC is crucial for meeting the
satisfy desired fairness objectives or constraints. fairness requirements. It is important to note tipatis a
The procedure of FP-ETC algorithm is outlined in Algcontinuous random variable within the feasible geisand
2, where the inpum is a pre-de ned xed positive integer F». As such, the general logic of regret analysis in traditional
representing the number of rounds that each meta-armM#&B algorithms with nite arms is not directly applicable
explored in the exploration phase and will be optimized ito FP-ETC.
the regret analysis lateK is the number of meta-arms. If
t  mK, the algorithm is in exploration phase (i.e., seeking. Performance Analysis of FP-ETC Under Max-min
better options) as shown from Step 3 to Step 5. Speci callfairness Objective
the FP-ETC algorithm rst plays each meta-amm times To analyze the regret of FP-ETC under max-min fairness
in a round-robin fashion to update the empirical averagsjective, we rst present a concentration bound (Lemma
reward for each arm associated with the corresponding mefa-using the Hoeffding's inequality, from the perspective of
arm. Oncet > mK , the algorithm enters the exploitationeach meta-arm. To bridge the gap betwpeand meta-arms,
phase (i.e., staying with the currently-known best optionje then obtain a corresponding concentration bound with
starting from Step 7. If the max-min fairness objective ifespect to anyp (Lemma 2).
considered, the minimum empirical average reward of all
arms is maximized to obtain the estimafeth Step 8, where
F1 is the feasible set op in Opt-min. Note thatp does 1) Concentration Bounds
not change as increases in the exploitation phase of FPtemma 1. 8 meta-armi, 8n,2 N, de ne event E,
ETC. If_reward maX|m|zat|qn subject tQ_fa|rness constrain AcmmK)  g(Ai:n) 2|0g(T)’ where m is the
is considered, the summation of empirical average rewa m

: T . . number of rounds that each meta-arm is played in the
of all arms is maximized to obtain the estimatgdn Step exploration phaseK is the number of meta-arms, is the
10, whereF, is the feasible set op in Opt-cons After P P ’

N 2
that, FP-ETC sticks to the currently-known best option (i.et.(,)tal number of rounds. TheRr(Ein) 1 7.

p) and samples out a meta-amm based on the categorical Lemma 1 is a direct application of the Hoeffding's in-
distribution ofp as shown in Step 12. The selected meta-arequality (Theorem A.1 of [33] by setting = 2; = 1),
is played in Step 13. given r(Ai;n;t) 2 [0;1]. It shows that the estimated
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0(Ai;n;mK ) concentrates around its true meg(A;;n) Theorem 2. For FP-ETC, if reward maximization sub-

after the exploration phase. ject to fairness constraint is considered, the average re-
Obtaining a concentration bound per meta-arm is insujfet E[R+] de ned in Equation (8) is upper bounded by

cient to derive the regret bound of FP-ETC under maxe NT %(K |ogT)% . Therefore, the average constraint vi-

min fairness ct))bjec(tji\;e. Basedh.orr]l.Lemma 121 wefo”btain dlation E[v, ] de ned in Equation (10) is upper bounded
concentration bound for arny, which is presented as fo WS-t 0 T H(K logT)? for any armn 2 N .

Lemma 2 (Concentration Bound for Anyp Under . =)

Max-min Fairness  Objective)De ne function f (p) = Proof outline De ng fi(p) = n2N  i2k] Pi
minnan ' ; P O(Aisn) g, where pi is the i-th  g(Ai;n) andfi(p) = v s B _O(AimmK)
element ofp. For FP-ETC, if the max-min fairness ob- 2log(T)
jective is considered8 p 2 Fi;Pr f(p) f(p) m

we can obtain thafy(p) fi(p) N is upper-
bounded with high probability, similar to Lemma 2. The
2log(T) 1 21%14K , whereN is the number of arms, difference is that the con dence interval under reward max-

A T . P ‘ o imization subject to fairness constraint lis times as that
(p) = min nay f i2[k] Pi 9(Ai;n;mK) g. of Lemma 2 due to the summation of rewards for all arms,
Proof outline we rst rewrite f (p) = min oy hn(p) and instead of minimization of those rewards. Following similar

f\(p) = min non An(p). Then ha(p) An(p) is upper- Proof line of Theorem 1, the average regret of FP-ETC
bounded for any given arm 2 N . After that, we prove under reward maximization subject to fairness constraint is

2 1 . _
that f(p) f(p) is upper-bounded by utilizing Lemma 3.UPPer-bounded a® NT3(K logT)s by selectingm =

The detailed proof of Lemma 2 and Lemma 3 are shown @ (;—)é(log T): . Foranyarmm 2 N , constraint violation
Section A of Appendix. only happens during the exploration phase of FP-ETC under
reward maximization subject to fairness constraint. This is
because FP-ETC adopts a round-robin fashion to explore
2) Upper Bound on Average Regret of FP-ETC Under each meta-arm without considering fairness constraint in the
Max-min Fairness Objective exploration phase. In the exploitation phase, no constraint
After obtaining the concentration bound with regard to aryiolation happens since the optimized naturally lies in
p 2 F1. We are ready to upper bound the regret of FRhe feasible set~, as indicated by line 10 of Alg. 2.
ETC under max-min fairness objective. We state the resuf®-ETC contributes at most, of constraint violation in

in Theorem 1. each round of exploration phase for each arm. Therefore,
dpn mK +0 (T mK) 1 1
Theorem 1. For FP-ETC, if the max-min fairness objectiveE[V“?T] T OT 3(KlogT)s for

is considered, the average regigfR+] de ned in Equation &1y amn 2N :

(5) is upper bounded b® T3(K logT)3 .
Proo,goutline We rst utilize Lemma 2 to upper bound V. FAIR PROBABILISTIC OPTIMISM IN THE FACE OF
T UNCERTAINTY ALGORITHM

fo_ . .
Ry ot [f (p )f f(pu)], wherep, is thep vectqr n Many existing MAB algorithms are designed based on the
decision roundt. R; represents the summation of instan- : . Lo .

ﬁderlymg principle ofoptimism in the face of uncertainty

tan_eous performance gap between the OP“'“"?" p(.J“Cy 4 FU) [37]. The OFU principle is that the learning agent is
policy chosen by the algorithm. However, there is still a ga Lo : .
ways optimistic about the uncertainty of the environment.

f . ;
betweenRy and Ry of I_Equat!on (4)'. To br_ldge the gap, espite lacking complete knowledge about all actions, the
we make use of Hoeffding's inequality, union bound, an earning agent forms an optimistic estimate of how rewardin

Lemma 4. The detailed proof of Theorem 1 is shown in 9ag b 9

Section B of Appendix. Lemma 4 is presented in Section %ach action might be and sglects the action with th_e highest
estimated reward. If the estimate turns out to be incorrect,

of Appendix. the learning agent adjusts its strategy accordingly. However,

_ if the learning agent's choice is successful, it can exploit that
B. Performance Analysis of FP-ETC Under Reward action and minimize regret. Thus, the OFU principle helps
Maximization Subject to Fairness Constraint balance exploration and exploitation.

For FP-ETC, the regret analysis under reward maximizationUtilizing the principle of OFU for the proposed prob-
subject to fairness constraint shares similar reasoning to #silistic MAB problem, we introduce a Fair Probabilistic
analysis of max-min fairness objective since there are onfyrU (FP-OFU) algorithm. Denotg 2 [0; 1] N, with g,
differences of objectives (max-min reward versus max totgdpresenting the true mean of reward for annassociated
reward) and constraintd={ versusF;) betweenOpt-min  with meta-armi. We de ne two functions:

and Opt-cons However, constraint violation may happen
under the consideration of fairness constraint. We present )
the results in the following Theorem. Ui(pig)=minfp g engwherep2Fy  (11)
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X As the construction of con dence seltd; is the key to Alg.
Us(p;9) = (p 9);wherep 2 F; (12) 3. We rst present how to construct these con dence sets in
n2N the following.

wheree, 2 f0;1gV 1, with n-th element being 1 and 0 for At time stepté de,EOtePt and [t @S f0||0V\éSI
other elementsU;(p;g) is designed for the consideration P1 r(Ag,;n; 1)
of the m.ax—mirll fairness objectivg (i.ert—min), whi.Ie b= gpzé _ gr(Aaz;n; 2)2_ 13
U>(p;g) is designed for the consideration of the fairness t= v I = ' (13)
constraint (i.e.Opt-cons). P

r(Ag ;n;t)
The basic idea of FP-OFU is that the algorithm mai

rbt is a matrix with the dimension df K, r,; is a reward

: 11K N _
tains a con dence seM, [0:1] for the param vector with the dimension of 1. For any armn 2 N,

ﬁ‘terz 9 r:)nb;be'l(':tlsulz/ln ré):nn%té (S::“CC h I:t]:éganzd Mtdavtvelt: bzseqf ne 0yn as then-th column of matrixg;, which is thel?-
'gh p . M ST u up regularized least-squares estimation of magyiin decision
on the past actiongi;p2; ;p: and respective reward

i i i > A .
F(Aay: ;1)1 (Ag, N 2); r(Aa:nit), n 2 N. The roundt, with regularization parameter> 0. §;n can be

a . ) - expressed as
algorithm chooses a paifp;g) that jointly maximizes
Ui(p:;g) or Us(p;g), depending on the consideration of ei- Otn =(P{ P+ 1) "Pyrng: (14)
ther aforementioned fairness objective or fairness constraintgor any armn 2 N, denoteg, as then-th column of

The procedure of FP-OFU is given in Alg. 3. In stepnatrix g. The following Theorem states thet, lies with a
1, the algorithm initializesMo as a hypercube with eachpigh probability in an ellipsoid with the center 8ty .
dimension lower-bounded by 0 and upper-bound by 1. This '

is because each elemengmanges fronf0;1]. 1f1 t T, Theorem3.Let > O, foranyarmn 2N ,forany0< <
FP-OFU obtains an optimal pafp;; ;) that jointly maxi- 1 With probability atleast. , forallt> 0,9, 2 [0;1]"
mizesUi(p 2 F1;g 2 My) if max-min faimess objective li€s in the set

is considered, as shown in Step 4, or jointly maximizes M = fg? 2 [0;1]' ¥ 1k9t;n 99 ky,

Usx(p 2 Fp;g 2 My) if reward maximization subject to N .
fairness constraint is considered as shown in Step 6. Note Klog(l1+ —)+( K )2g;
that the optimal pai(p; ;) changes a$ increases. After (15)
that, it samples out a meta-arap based on the categoricalwhereV; = P7 Py + |.

distribution ofp; as shown in Step 8 and plays meta-am

in Step 9.M, is then updated in Step 10. The updating rule Proof outline We rst represent the instantaneous reward
for M, will be provided in Theorem 3. r(Ag ;n;t) as a noisy linear product qf; andg; . After
that, we measure the norm @fn  9gn (Ocn is shown in

Algorithm 3 Fair Probabilistic Optimism In the Face of£duation (14)) weighted by matri, whereV; = P P +

Uncertainty (FP-OFU) I. The detailed proof of Theorem 3 is provided in Section
— N D of Appendix.
1 Initialize Mo = [0; 1] Based on Theorem 3, we upper bound the average regret of
2: for. t=1 tq T d_o o _ FP-OFU under max-min fairness objective, which is shown
3 if Max-min fawnes; ijgctlve is consideréuken in Theorem 4.
4: Solve the optimization problem(p:; &) = _ _ o
argmaxp.q)2r , m, Y1(p; Q) Theorem 4. For FP-OFU algorithm, if the max-min fairness
; 1 t ! . . . .
5:  else if Reward maximization subject to fairess conobjective is considered§T > 0, the average rggreE[Rr]
Straint is Consideremen de nedin Equation (5) is upper bounded Q(K T IOgT)
6: Solve the optimization problem(p:; &) = Proof outine We rst upper bound RY: =
, en‘zr%max(p;g)ZFz m, U2(P;0) . (Ui(p ;9) Ui(pt;@)), which is the summation of

instantaneous performance gap between the optimal policy
and policy chosen by the algorithm. However, there is still
a gap bet\NeerIR#Jl and Rt of Equation (4). To bridge the
gap, we make use of Azuma's inequality, union bound, and
Lemma 4. The detailed proof of Theorem 4 is shown in
Section E of Appendix.

8: Sample out a meta-ara; based on the categorical
distribution of p;

9: Play meta-arnmg; in decision round

10:  UpdateM;.

11: end for

) ) B. Performance Analysis of FP-OFU Under Reward
A. Performance Analysis of FP-OFU Under Max-min Maximization Subject to Fairness Constraint

Fairness Objective In this subsection, we analyze the performance of FP-OFU

In this subsection, we analyze the regret of FP-OFU alggger reward maximization subject to fairness constraint.
rithm under the consideration of max-min fairness objective.
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Theorem 5. For FP-OFU algorithm, if reward maximization MAB focuses on the fairness of individual arms, rather than
subject to fairness constraint is consider&f > 0, the the fairness of meta-arms. In general combinatorial bandit
average regretE[Ry] dened in Equation (8) is upper frameworks, as studied in [2], [38], the received reward in
bounded byO(NK TlogT). In addition, there are no each time step is a linear combination of individual arms'
constraint violations for this case. rewards. However, this is not the case for FP-MAB due to
) . ... the max-min fairness objective. This key difference means
Remark 3: The regret analysis of Theorem 5 is S|m|IaE . ; ; )

.that traditional proof techniques used in general combina-

to that of Theorem 4 and its detailed proof is shown in - . ;
) . orial bandit works cannot be applied to analyze FP-MAB.
Section F of Appendix. We observe that the average regret 0 . :
Instead, we need to derive concentration bounds for non-

Theorem 5 iO(N) times of the average regret of Theorem X
4. This is because there is a minimization function over alll‘e"’“ rewards_ ba.ls.ed on the concentration bounds for the
- . rewards of all individual arms.

meta-arms for the regret de nition o®pt-min as shown

in Equation (4), whereas the regret is summed among all

meta-arms for the regret de nition @pt-consas shown in C- Solving Optimization Problems

Equation (7). Furthermore, if reward maximization subjedthere are mainly two types of optimizations involved in the
to fairness constraint is considered in FP-OFU, as indicatE§-ETC and FP-OFU algorithms. One is the online version
by line 6 of Alg. 3, no constraint violation happens in eacAf Opt-min under FP-ETC and FP-OFU, shown in line 8

round since the optimizefl; naturally lies in the feasible Of Algorithm 2 and line 4 of Algorithm 3. Another one is

setF,. the online version 0Opt-consunder FP-ETC and FP-OFU,
shown in line 10 of Algorithm 2 and line 6 of Algorithm 3.

VI. MORE DISCUSSIONS ON FP-MAB PROBLEM AND We show how these optimization problems are solved in the

ALGORITHMS following.

A. Lower Bound on Average Regret Both Opt-min of FP-ETC andOpt-min of FP-OFU are

Regarding the lower bound of proposed FP-MAB problen$P|Ved usingminimaxfunction in MATLAB. fminimaxseeks
we are interested in lower bounds on regret that apply ®Point that minimizes the maximum of a set of objective
all FP-MAB algorithms, rather than analyzing a speci ¢ Fpfunctions. All the objective functions and constraints can be
MAB algorithm. We would like to highlight the FP-MAB linear or non-linear. The idea dfinimaxis that it converts
problem is an extension of the traditional MAB problenft Min-max (or max-min) problem into a goal attainment
[36] by playing a meta-arm (i.e., an association of one @oblem [39], which can be solved using standard goal
multiple individual arms) at each time step while considering{tainment method introduced in [39]. Note tHapt-min
fairness objectives/constraints for each individual arm. Fir§tf FP-ETC is a convex optimization problem, wherezst-

if we set N = 1 in the FP-MAB problem, FP-MAB min of FP-OFU is a non-convex and non-linear optimization
reduces to a traditional MAB problem, where the metdroblem as its objective function involves the multiplication
arm in FP-MAB becomes a regular arm, and the max-mf@f two optimization variablesp andg.

reward objective simpli es to reward maximization due to BOth Opt-cons of FP-ETC andOpt-cons of FP-OFU
N = 1. Second, under this condition, if we further sef’® solved usingminconfunction in MATLAB, which is a

d, =0:8n 2N in FP-MAB, the fairness constraints in Fp-nonlinear programming solver. It addresses the minimization
MAB can be neglected, and FP-MAB reduces to a tradition€@r maximization) optimization problems with linear or non-
MAB problem without fairess constraints. Hence, the lowd{h€ar objective functions and constrainfsaincon adopts
bound for the traditional MAB problem still applies to thestandard interior-point optimization algorithm [40] to solve
FP-MAB problem. Based on the Theorem 2.1 of [33], for an{j’® Optimization problem. Note th&pt-cons of FP-ETC

bandit algorithyn, there exists a problem instance such tHa@ convex optimization problem, where@gt-cons of FP-
E[R(T)] ( KT), whereT is the time horizon an&k OFU is a non-convex and non-linear optimization problem

is the number of arms( ' KT ) is the lower bound for the Since its objective function involves the multiplication of two

traditional MAB problem. For FP-OFU algoritlbnlproposed)pf[imizaﬁtion variablesp and g, which are jointly solved
in this paper, we can achieve an upper bo@fé T logT) Usingfminconfunction in MATLAB.

on the avgrage regret. Therefore, the achieved upper boundVe discuss the computation complexity and scalability
has anO( K logT) gap with its lower bound. of implementing FP-ETC and FP-OFU algorithms in the

following.

B. Differences in Proof Techniques Compared to Those

Used in Combinatorial Bandit D. Computation Complexity and Scalability

If we treat FP-MAB as a general combinatorial bandiComputation complexityfFirst, we analyze the computation
framework, where the player generates a distribution oveomplexity of implementing FP-ETC. The main computation
the regular arms and plays a regular arm (meta-arm in tlugst for FP-ETC is solving the optimization problems in line
paper) in each time step, existing fair MAB algorithms stilB8 and line 10 of Algorithm 2. We observe that the objective
cannot solve the FP-MAB problem. This is because FRinctions of both optimization problems are linear functions
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with the meta-arm selection vect@r as the optimization
variable. The constraints; andF, are also linear functions.
Therefore, the optimization problems of FP-ETC can be
treated as linear programming problems or converted to
them, which can be solved in polynomial time.

Next, we next analyze the computation complexity of
implementing FP-OFU. The main computation cost for FP-
OFU is solving the optimization problems in line 4 and line
6 of Algorithm 3. Even though the constrairkts andF, are
linear functions, the objective functions of both optimization
problems in FP-OFU are non-convex and non-linear since
they involve the multiplication of two optimization variables,

p andg. For this type of optimization problems, only local
optima may be obtained based on the related literature, and
the complexity analysis for this non-convex problem is not
well understood yet [41].

Scalability: We implemented the FP-ETC and FP-OFU
algorithms in MATLAB within the context of the LAA/WiFi
coexistence scenario. We simulated 500 random LAA/WiFi
coexistence topologies witli = 5000 in both algorithms.
Fig. 5 shows the average running time of FP-ETC and FP-
OFU in each decision round. From Fig. 5(a), we observe that
the time complexity of FP-ETC algorithm seems like scaling
linearly with the number of meta-arms. Fig. 5(b) illustrates
that the time complexity of the FP-OFU algorithm exhibits
a superlinear scale with the number of meta-arms.

In practical applications, the number of meta-arms may
not be large. For example, in scenarios such as fair hetero-
geneous networks coexistence [4], where there are a limited (b) FP-OFU
number of users sharing the same unlicensed band withFIGURE 5: Average running time per decision round.
SIC, the number of meta-arms is typically constrained. Ad-

ditionally, to mitigate the impact of potentially unfavorablqworst case) to 1 (best case), it is maximized when all links
meta-arms, we can eliminate a set of poor-performing metgave the same throughput. To evaluate the performance of
arms by probing all meta-arms before executing the FP-MAgoposed algorithms under the consideration of the fairness
algorithms. Poor meta-arms are those that y|e|d low rewargénstraint, we use the average regret de ned in Equation

(a) FP-ETC

for all arms associated with them. (8), total throughput, the minimum selection fraction of
arm as performance metrics. We simulate 500 randomized
VII. SIMULATION RESULTS LAA/WiFi coexistence topology, where all nodes in each

In this section, we evaluate the performance of the PF-ETi@pology are uniformly distributed in 80 50 m? area.

and FP-OFU algorithms via simulations under the applica-

tion of heterogeneous LAA/WIFi coexistence, where SI@. FP-MAB with the Max-min Fairness Objective

is enabled in each receiver to cancel possible interferereigst, we show the average regret of FP-ETC for differ-
and the successful decoding SINR threshold is set to 10 dit choices ofm and FP-OFU by setting = 1; =
Rayleigh channel is considered for each link. Due to spao®1 in Equation (15). We also compare them with the
limitation, we only present the results fbi =2 andN =3 Maxmin UCB algorithm [6], where it selects meta-arm in
coexisting links, as other scenarios have similar observatioeach decision round according to the, following rude:=
There are 3 meta-arms and 7 meta-arms for the scenarioygj max, ) [Minnzn O(A N 1)+ 29T 1 These

— — : ne 1(Ai)
N =2 andN = 3, respectively. To evaluate the performancg,c its are presented in Fig. 6. We observe that Maxmin

of proposed algorithms under the consideration of the Ma¥ep performs worse than proposed FP-ETC and FP-OFU
min faimess objective, we use the average regret de necﬂjgorithms. This is because the Maxmin UCB algorithm
!n Equation (5), minimum link throughput., Jain fai,meS%ims to identify one best meta-arm and it will converge
index (JF) [42]'as the p.erformance metrics. Speci Ca”}@o deterministically playing a meta-arm after a suf cient
the throug_h.putl is normalized and represent; the eﬁectwﬁ]e instead of a probabilistic meta-arm selection strategy.
channel utilization. Lek, be the throughput of link 2N, 5 the other hand, both FP-ETC and FP-OFU select a

. - gy xn)? ; 1 I~ i o
JEI (X1, iXn) = r"ﬁ which ranges fromg  combination of different meta-arms to maximize the reward
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and satisfy the max-min fairness objective at the same time.
The probabilistic MAB algorithm is actually a generalized
version of the corresponding basic MAB algorithm. It is
also observed that for FP-ETC, higher generally results

in higher average regret as FP-ETC incurs signi cant regret
during the exploration phase. For two-link LAA/WiFi coex-
istence scenario (i.eN = 2), from Fig. 6(a), we can see
that FP-OFU has similar performance with FP-ETC when
m is set to 50. This is because the number of meta-arms
(i.e., K) is small in this case. However, &€ increases,
FP-OFU outperforms FP-ETC, as indicated in Fig. 6(b).
This is reasonable since FP-OFU avoids the round-robin
exploration of suboptimal meta-arms, which happens during
the exploration phase of FP-ETC.

It is possible to obtain the local optimal solutions for (a) Two-link LAA/WIFi coexistence | = 2)
both onlineOpt-min and onlineOpt-cons in FP-OFU al-
gorithm as they are non-convex and non-linear optimization
problem. Their objective functions involve the multiplication
of two optimization variablesp and g. For the max-min
fairness version BfﬁFP-OFU, the average regret is upper
bounded byO(K TlogT). For the fairness constraint
versiorbci FP-OFU, the average regret is upper bounded by
O(NK  TlogT). To compare the average regret obtained
through experiments implemented in MATLAB (which calls
optimization functions to obtain meﬁa-arm selection vector
p: at timet in FP-OFU), we also show t log(t) (theoretical
trend of average regret of FP-OFU) in Fig. 6. We can see
that the slope of average regret for FP-OFU is almost the
same as tlog(t), indicating that the optimization problems

of FP-OFU are well solved. (b) Three-link LAA/WiFi coexistenceN = 3)

Next, we compare FP-ETC and FP-OFU with the fol- .
lowing ve baselines: UCB forOpt-total, ETC for Opt- FIGURE 6: Average regret vs the number of rourds

total (adopt the samen as FP-ETC), Maxmin UCB [6],
ETC with NSW [29], UCB with NSW [29]. Opt-total

is dened in Equation (2). The reasons why we select
NSW as a comparison with the max-min fairness objectiv
are as follows. NSW is a popular fairness objective i
recently MAB works [29]_[31]F_) Igifferent from maxjimizing _ The _cumulative distribution functions_ (CDFs) of _the min-
the minimum average reward in max-min fairness objectivgpum link throughput for the_ afore_men_tloned algorithms are
NSW aims to maximize the product of all arms' averag res_ented in F|g. _7' Th_e simulation 'S basgd on 500 ran-
rewards. This idea is the same as proportional fairne gm|zed LAAMIFI coexistence topologies with = '.5000'
[35], another commonly studied fairness objective in wir 1S We can see, bOth FP-ETC and FP-OFU ach_leve mu_ch
less communications and networks. The algorithms of ET. he_r minimurm link thr_oughput than other b_aselmes_. This
with NSW and UCB with NSW in [29] are developed's attributed to the addltlonal_ meta-arm selection veptam_

in a multi-agent MAB setting. To adapt it to our prob_FP-ETC and FP-OFU algorithms, which allows for tuning

lem. ETC with NSW obtajgs the meta-arm selection vectg)rr]e selection probability of each meta-arm to satisfy the max-

= ara max e ‘(A n:mK )g: UCB min fairness objective.
\?\/ith NSgW up&;ié%”égsed IcfrlmKt]hg %E)Ilcl)wing ru?g: From Fig. 7, we observe that the CDF of FP-ETC performs

slight worse than that of FP-ETC in the caseNf= 2.

The minimum link throughput and Jain fairness index
FI) are compared for these algorithms.

v x K S However, FP-OFU signi cantly outperforms the FP-ETC in
i argmax| DOA Mt 1D+ N p M]; the case ofN = 3. We provide the intuition below. For
P2F 1 naN i2(K] i=1 nt 1(A'()16) FP-ETC, the explorations for meta-arms only happen during

) . the exploration phaset ( m K). WhenN = 2 (i.e.,
_The UCB for Opt_-total selects meta-arm .|n d_ec"two LAA/WIFi link coexistence), there are onlik = 3
sion round t according to the fO”OW'w'at ~ meta-armsm = 100 rounds of explorations for each meta-

. 21 . .
argmaX [ non O(AITNIL 1)+ N f?Ati)]- arm may be enough to obtain accurate successful decoding
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probabilities for each link in FP-ETC algorithm. FNr =3,
there ar&K = 7 meta-arms, the dependency of links' rewards
in the same meta-arm is stronger with higi\er Therefore,
evenm = 200 rounds of explorations for each meta-arm
may not be enough to obtain accurate successful decoding
probabilities for each link in FP-ETC algorithm in the case
of N = 3. However, for FP-OFU, the explorations for meta-
arms happen during all decision rounds (t T), where

T is set to 5000.

(a) Two-link LAA/WiFi coexistencel =2)

(a) Two-link LAA/WiFi coexistencely =2)

(b) Three-link LAA/WiFi coexistenceN = 3)
FIGURE 8: CDF of Jain fairness index (JFI).

B. FP-MAB with Fairness Constraint

In this subsection, we present the simulation results of FP-

ETC and FP-OFU algorithms undédpt-cons We also

compare them with the UCB fdDpt-cons which is similar

to the proposed fair MAB algorithm in [15]. It selects meta-

arm in each decision round according to the following rule:

(b) Three-link LAA/WIFi coexistenceN = 3) (1) determine ¢ = ¢ 1(1) d; (t 1) ¢ 1(n)

FIGURE 7: CDF of minimum link throughput. dv (t 1); :c 1(N) dv (t 1), wherec 1(n)

is the number of times that link has been chosen until
t 1, d, is the targeted minimum selection fraction for
Fig. 8 shows the CDFs of JFI for the aforementioned algtink n; (2) if all the elements of ¢ pre greater than O,

rithms. It is observed that both FP-ETC and FP-OFU clearbelect naeta-armat = argmaXiz k) [ oy O(AIN;E
perform better than other baselines. It is worth noting thay | W] otherwise select meta-arna
FP-ETC and FP-OFU almost guarantee the same throughput ne 1(Ai) 'p q_—_
for all links under all LAA/WIFi coexisting topologies, arg MaXjjma y2eq [ non O(AiTNE 1)+ N - 28],
which is demonstrated by the fact that all JFI values afherer =min,,y 4. The simulation is based on 500 ran-
FP-ETC and FP-OFU are close to 1. Fig. 8 also indicatdemized LAA/WiFi coexistence topologies with = 5000.
that FP-OFU slightly performs better than FP-ETC in some First, we show the average regret of proposed algorithms
LAA/WiFi coexisting topologies. These results con rm thatand baseline, which are presented in Fig. 9. Nos 2 and
the proposed FP-ETC and FP-OFU algorithms are effectiie = 3, we set the minimum selection fraction for each link

solutions to achieve the max-min fairness objective. as 0.6 and 0.4 respectively. We observe that FP-ETC and FP-
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OFU signi cantly outperform UCB due to the probabilistic
meta-arm selection strategy. It is expected higiemcurs
higher average regret for FP-ETC. It is interesting to observe
that the regret of FP-OFU increases with a lower rate as
t whent is small, compared with FP-ETC. This is again
attributed to the signi cant regret of round-robin exploration
of suboptimal meta-arms during the exploration phase of FP-
ETC. Whent is large, FP-OFU has similar performance with
FP-ETC wherm is set between 100 and 200.

(a) Two-link LAA/WiFi coexistencel =2)

(a) Two-link LAA/WIFi coexistencell = 2)

(b) Three-link LAA/WiFi coexistenceN = 3)

FIGURE 10: Constraint violation vs the number of rounds
t.

is associated with all individual arms, at the worst case to
satisfy the fairness constraint. Even though UCB seems to
have less constraint violation, its regret is much larger than
FP-ETC (as shown in Fig. 9) and its objective values are
. - . _ also generally much smaller than FP-ETC, as shown later.
(b) Three-link LAAMAFI coexistenceN| =3) For FP-ETC, the constraint violation converge to 0 only
FIGURE 9: Average regret vs the number of rounds  \yhent increases to in nity. To verify if the fairess con-
straint is satis ed for FP-OFU under a nite time horizon,
Next, we present the average constraint violation of prave present the CDFs of selection fraction of different links
posed algorithms and baseline, as shown in Fig. 10. Farms) for FP-OFU algorithm whel is set to 5000.
N =2 andN = 3, we set the minimum selection fractionThe simulation is based on 500 randomized LAA/WiFi
for each link as 0.8 and 0.6 respectively. Note that, as weexistence topologies and we set the minimum selection
stated in Theorem 5, there are no constraint violations fraction for each link to 0.6 and 0.4 foN = 2 and
each round of FP-OFU, we only illustrate the results of FN = 3 respectively, we observe from Fig. 11 that the fairness
ETC and UCB in Fig. 10. We observe that, for FP-ETG;onstraints of all links (arms) for all LAA/WiFi coexistence
there are indeed constraint violations for each link (arm) topologies are indeed satis ed under a nite time horizon.
its exploration phase. However, the constraint violation will Lastly, we show the CDFs of the total throughput for the
decrease witlh and converge to 0 wherincreases to in nity. aforementioned algorithms in Fig. 12. We observe that both
For UCB, constraint violation can be quickly reduced t&P-ETC and FP-OFU achieve much higher total throughput
almost 0. This is because UCB can play the meta-arm, whitttan UCB. This is attributed to the additional meta-arm
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